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Abstract

We propose Euler Mean Flows (EMF), a flow-
based generative framework for one-step and few-
step generation that enforces long-range trajectory
consistency with minimal sampling cost. The key
idea of EMF is to replace the trajectory consis-
tency constraint, which is difficult to supervise
and optimize over long time scales, with a princi-
pled linear surrogate that enables direct data super-
vision for long-horizon flow-map compositions.
We derive this approximation from the semigroup
formulation of flow-based models and show that,
under mild regularity assumptions, it faithfully
approximates the original consistency objective
while being substantially easier to optimize. This
formulation leads to a unified, JVP-free training
framework that supports both u-prediction and
x1-prediction variants, avoiding explicit Jacobian
computations and significantly reducing memory
and computational overhead. Experiments on im-
age synthesis, particle-based geometry generation,
and functional generation demonstrate improved
optimization stability and sample quality under
fixed sampling budgets, together with approxi-
mately 50% reductions in training time and mem-
ory consumption compared to existing one-step
methods for image generation.

1. Introduction

Recent advances in generative modeling, particularly diffu-
sion models and flow matching methods, have achieved re-
markable success in image generation (Lipman et al., 2023;
Song et al., 2021a), video synthesis (Ho et al., 2022b;a),
and 3D geometry modeling (Luo & Hu, 2021; Vahdat et al.,
2022; Zhang et al., 2025a). From a continuous-time per-
spective, these methods can be unified by the continuity
equation, which learns a time-dependent velocity field of
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probability flow to transform simple noise distributions into
complex data distributions (Lipman et al., 2024). Under this
formulation, the generation process corresponds to a con-
tinuous trajectory evolving from noise space to data space,
and model training aims to characterize the dynamics of this
flow-map trajectory at different time points.

While such trajectory-based models provide strong expres-
sive power, sampling from the learned dynamics typically
requires a large number of time steps, resulting in substantial
inference cost. To improve efficiency, a growing body of re-
cent work focuses on one- and few-step generation, aiming
to approximate long sampling trajectories with only a small
number of steps (Song et al., 2023; Frans et al., 2025; Guo
et al., 2025; Geng et al., 2025a), thereby reducing inference
time while maintaining competitive generation quality. A
central challenge in one-step and few-step generation lies
in learning trajectory consistency (Frans et al., 2025; Guo
et al., 2025), meaning that predictions at different points
along the trajectory should agree with each other.

Mathematically, trajectory consistency can be characterized
by the semigroup property of flow maps: forallt < s <7,
the flow maps ¢;_,, satisfy ¢y, = @5 © ¢ s. Here,
the flow map ¢,_,, : X — X is defined as the mapping that
transports a state in the space X from time ¢ to time r along
the underlying dynamics, and satisfies ¢;_,.(x;) = x, for
any trajectory (x¢):e[o,1]- This semi-group property en-
sures coherent long-range flow maps across different time
scales (Webb, 1985). However, learning such flow maps
with trajectory consistency with supervision from data is
nontrivial, because in traditional flow-based models (e.g.,
(Lipman et al., 2023; Liu et al., 2023)) there is no explicit
reference flow map ¢;_,, derived from the data distribu-
tion. As a result, trajectory consistency constraints cannot
be directly supervised during model training. Moreover,
inaccurate formulations of trajectory consistency may dis-
rupt the underlying flow-map structure, leading to unstable
training or degraded generation quality (Boffi et al., 2025).

Existing approaches for addressing this issue can be catego-
rized into two classes. The first category methods progres-
sively extend short-range transitions to longer intervals by
composing locally learned dynamics (Frans et al., 2025;
Guo et al., 2025). Although conceptually simple, such
methods suffer from error accumulation for trajectories, as
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long-range behavior is inferred indirectly from short-range
estimates without explicit global supervision. The second
class, represented by MeanFlow and related methods (Geng
et al., 2025a; Zhang et al., 2025b), derives training objec-
tives directly from continuity equations. By introducing
consistency constraints at the level of flow maps, these meth-
ods provide principled supervision for long-range dynamics.
However, they rely on explicit gradient computation with
several practical limitations: (1) Explicit gradient computa-
tion incurs substantial memory and computational overhead
that limits efficient network architectures and training proce-
dures (e.g., FlashAttention (Dao et al., 2022)). (2) Incorpo-
rating explicit gradients into the loss may lead to numerical
instability, especially under mixed-precision training, as
observed in our image and SDF generation experiments.
(3) Gradient-based objectives are poorly compatible with
sparse computation primitives, limiting their applicability
to domains such as functional generation and point cloud
modeling.

In this work, we propose a new approach for trajectory-
consistent one-step generation by revisiting the semigroup
structure of flow maps. Our key idea is to apply a local lin-
earization to the trajectory consistency equation and enable
direct supervision from the data distribution for long-range
flow maps. This linear approximation transforms the origi-
nal long-range consistency constraint into a learnable surro-
gate objective without calculating derivatives. We proved
that, under reasonable conditions (Assumption 1 and The-
orem 4.3), this surrogate loss faithfully approximates the
original consistency objective and enables accurate learning
of the instantaneous velocity along long-range flow maps.
Based on this analysis, we further develop a gradient-free
training framework that significantly reduces memory and
computational cost and leads to more stable optimization.
Motivated by the manifold assumption as advocated in (Li
& He, 2025), we formulate a unified framework for one-step
and few-step generation that supports both u-prediction and
x1-prediction, with the latter emphasizing direct supervision
on the terminal state of the flow. Our linearized formulation
is inspired by Euler time integration (Hairer et al., 1993)
in numerical mathematics; accordingly, we refer to our ap-
proach as Euler Mean Flows (EMF).

Our main contributions are summarized as follows:

* We propose Euler Mean Flows (EMF), a trajectory-
consistent framework for one-step and few-step gener-
ation based on a linearized semigroup formulation.

* We introduce a surrogate loss obtained by local lin-
earization of the semigroup consistency objective, with
theoretical guarantees under mild assumptions.

* We develop a unified, JVP-free training scheme that
avoids explicit derivative computations and supports

both u-prediction and z -prediction variants.

2. Related Work

Diffusion and Flow Matching. Diffusion models (Ho
et al., 2020; Song & Ermon, 2019; Song et al., 2021b)
have achieved remarkable success in data generation by
progressively denoising random initial samples to produce
high-quality data. This generative process is commonly
formulated as the solution of stochastic differential equa-
tions (SDEs). In contrast, Flow Matching methods (Liu
etal.,2023; Lipman et al., 2023; Albergo & Vanden-Eijnden,
2023) learn the velocity fields that define continuous flow
trajectories between probability distributions.

Few-step Diffusion/Flow Models. Consistency mod-
els (Song et al., 2023; Song & Dhariwal, 2023; Geng et al.,
2025c¢; Lu & Song, 2025) were proposed as independently
trainable one-step generators in parallel to model distilla-
tion (Salimans & Ho, 2022; Meng et al., 2023; Geng et al.,
2023). Motivated by consistency models, recent works have
introduced self-consistency principles into related genera-
tive frameworks (Yang et al., 2024; Frans et al., 2025; Zhou
et al., 2025). Mean Flow (Geng et al., 2025a) models the
time-averaged velocity by differentiating the Mean Flow
identity. a-Flow (Zhang et al., 2025b) improves the training
process by disentangling the conflicting components in the
Mean Flow objective. SplitMeanFlow (Guo et al., 2025)
leverages interval-splitting consistency to eliminate the need
for JVP computations in Mean Flow models. While both
SplitMeanFlow and our method are JVP-free, SplitMean-
Flow is limited to a distillation-based setting, whereas our
approach enables fully independent training.

3. Background

Let D = {a € X'}, be a dataset drawn from an unknown
data distribution pg,e, on space X. Flow Matching aims to
learn p; = pgaa bY learning a continuous-time velocity
field u(x,t), t € [0, 1], that transports a base distribution
Ppo, typically Gaussion distribution A(0, 02), to p; along a
continuous path of distributions (p;);c[o,1]- The evolution of
the distribution path is governed by the continuity equation

%pt(a:) + V- (pe(z)ue(z)) =0 (1)

Given learned u;(z), sampling xo ~ pg, samples from p;
can be obtained by integrating the ODE
d’It
dt

The associated flow ¢; : X — X is defined by ¢;(xg) = x4
for any g, x4 satisfying the ODE and it satisfies

= U(It,t), Zo ~ Po )

0
a@ =u;o¢y, ¢o=Idx. 3
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Figure 1: Illustration of trajectory consistency and the Euler Mean Flow (EMF) method. Left: Multiple flow maps can satisfy
trajectory consistency, but only the solid path correctly transports noise to the data distribution, highlighting the necessity of
data supervision. Middle: Two existing approaches for learning long-range trajectories, including continuous-equation-based
methods and progressive extension. Right: Our EMF reformulates the trajectory consistency equation via a local linear
approximation and introduces direct data supervision for long-range dynamics through the resulting linearized segment.

We further define the flow map ¢;_,, = ¢, 0 ¢, ! The path
py can be written as a pushforward p; = (¢4)4po.

Flow Matching seeks to learn the velocity field w;(x).
Given a parameterized model u{(z), samples are gener-
ated by numerically integrating Equation 2 from ¢ = 0
to £ = 1. A natural training objective for training is
LIMG) = Bt popy () |uf (2) — ue(x)||?, which directly
matches the model velocity to the reference velocity field.
However, this objective cannot be optimized in practice,
since both wu;(x) and the marginal distribution p;(z) are
not directly observable from the dataset. To incorpo-
rate supervision from data, Flow Matching introduces
conditional velocities u¢(x|r1) = %=* and conditional
flows ¢¢(x|x1) = t(z1 — z) + « for arbitrary z; € X.
These conditional quantities induce a conditional distribu-
tion p;(z|z1) = (¢(-]1))4po, and the marginal velocity
field and distribution can then be recovered by marginal-
ization ui(z) = Eg p, (e [we(z|z1)] and pi(z) =
Eg, ~p, (21 ]2)[P(z]|21)]respectively. Based on these con-
structions, Flow Matching defines the conditional surro-
gate objective LM (0) = Eq 4, wpyoro iz (afan) 104 (2) —
u¢(z|x1)||?, which admits supervision from data samples. It
has been shown that Vo LEM () = Vo £FM (9) and there-
fore LEM serves as a valid surrogate for optimizing £F™.

Flow Matching learns the instantaneous velocity field u(x).
As a result, sample generation requires iterative numerical
integration, making it inherently a multi-step process. In
contrast, one-step and few-step generative models aim to
directly learn the flow maps ¢,_,,., enabling efficient gener-
ation with a small number of transitions.

4. One-Step Generation on Euler Mean Flows

According to Equation 3, a valid flow map ¢;_,,-(x) must
satisfy (1) trajectory consistency and (2) the boundary con-
ditions ¢y, (x) = x and 0y (@) |r=t = us(x). While
the boundary conditions can be easily supervised from data,
enforcing trajectory consistency is considerably more chal-
lenging, which hinders the learning of accurate long-range
dynamics. In this section, we study how to introduce effec-
tive data-driven supervision for long-range trajectory con-
sistency and present Euler Mean Flow with its theoretical

justification and the 1 -prediction variant.

4.1. Challenge of Trajectory Consistency

Consider a trajectory (2¢);e[0,1], With 2; = ¢¢(x0), that
satisfies Equation 2, where ¢; denotes the flow defined in
Equation 3. For any ¢t < s < r with ¢,s,7 € [0,1], the
following trajectory consistency holds:

(ét—)r(xt) = (bsﬁr(xs)a Ts = ¢t—>s(xt) (4)

as illustrated in Figure 1. Taking the limit s — ¢, this
formulation admits a continuous formulation,

8t¢t—)r(x) + aw¢t—>r(x)(as¢t—>s(x))‘s:t =0 (5)

Leveraging the trajectory consistency formulation, we can
derive discrete trajectory consistency loss £ (6) to train
a long-range model ¢? ., (x;) that represents transitions
across arbitrary temporal horizons (¢, 7).

C —
L (9) = Et,svr1mt:(17t)m0+tml1m1"“pdata110"‘170

1

W\\fbf_w(xt)* (D s (@)]3

(6)

where ﬁ denotes a tunable weight. For efficiency, parts
of the formulation can be implemented with a stop-gradient

operator (sg) without altering the underlying semantics.

However, trajectory consistency alone is insufficient to
uniquely determine the flow map. In particular, the con-
sistency constraint £ (6) admits infinitely many solutions
and does not, by itself, introduce supervision from the data
distribution. This ambiguity stems from two fundamental
issues: (1) Like velocity fields in Flow Matching, flow maps
¢t () do not admit an analytic reference derived from the
data distribution pg,¢, and dataset D; (2) Flow maps do not
possess a conditional counterpart ¢;_,,(x|z1) analogous to
conditional velocities u(z|x1) which could calculate from
dataset, as formalized below.

Theorem 4.1 (Non-existence of conditional flow maps).
There exists no conditional flow maps ¢¢_.(x|zs,) that
simultaneously (i) is consistent with the conditional veloc-
ity u(zx|z1) under Equation 3, and (ii) satisfies the consis-
tency relation ¢;_,r(x) = Eqy wp, (2, |2)[Pt—r(x|T1)] With
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marginal flow maps. As a result, a self-consistent condi-
tional cumulative field does not exist. (See subsection B.1

for a proof.)

Existing methods resolve this indeterminacy through two
main strategies. Progressive Extension methods, such as
Split-Mean Flow (SplitMF) (Guo et al., 2025) and Short-
Cut (Frans et al., 2025), learn the instantaneous velocity
Osdi—s(x)|s=t = wui(x) and progressively extend it to
longer horizons using the semigroup constraint in Equa-
tion 6. While effective in practice, these methods rely
on indirect supervision accumulated from local dynamics,
leading to weak long-range constraints and error accumu-
lation. In contrast, Continuous-Equation-Based Formu-
lations, exemplified by MeanFlow, derive long-range ob-
jectives from the continuous consistency equation in Equa-
tion 5 and provide more direct supervision of long-range
flow maps, but require explicit gradient computation via
Jacobian—vector products (JVPs), incurring high overhead
and unstable optimization, particularly in sparse settings.

4.2. Euler Mean Flow

To address these issues, we propose the Euler Mean Flows
(EMF) framework. Our key idea is to start from the semi-
group objective in Equation 6 and reformulate this objective
via a local linear approximation, which enables direct su-
pervision from data. We also provide a rigorous theoretical
justification for the validity of this approximation in Theo-
rem 4.3 under reasonable Assumption 1 on the flow maps.

Theorem 4.2 (Local Linear Approximation). Let f : X —
Y be a smooth mapping between finite-dimensional spaces,
and let xy € X. When x is sufficiently close to xq, [ can
be approximated by a linear function of the perturbation:

f(x) = f(x0) + Df(x0)(x — x0) + o(||z — xol]). (7)

which means in the small-perturbation limit, nonlinear ef-
fects enter only at higher order, and the local behavior of f
is governed by its linearization.

To reformulate the trajectory consistency objective, we fol-
low MeanFlow (Geng et al., 2025a) and define the mean
velocity field uy—,-(z) = % Under this definition,
the trajectory consistency relation can be rewritten as:

(r = Dugsr(ze) = (8 = ) s(w0) + (1 — 8)usr ()

(®)
Dividing both sides by s — ¢, we obtain
Uty (T4) — Us—yr (X5
iralg) = (¢ — )t Z oo lBe) g
(s —1)
©)

Unlike Shortcut and SplitMF, in our EMF we choose s
and t to be close by setting s = t + At with a small
fixed step size At. We then apply Theorem 4.2 to obtain

a local approximation of the flow maps with respect to s:
b1 s(T) = dpe(T) + 8@6;;(1;”3:,5(5 — t). Substituting
this into the relation ¢, s (x) = (s—t)us—s(x)+ax between
flows and average velocity yields u;—, s (z) &~ u;—¢(x) when
s is sufficiently close to ¢. Based on this approximation, we
obtain the following approximation with Equation 9:

Ut —r (Iz) - Ut+At~>r($t+At)

Utﬁt(xt) ~ (7“ —t— At) Al + ut;}r(wt)
e () R () + (1 — ¢ — Mgy Ueraior(Teeae) = e (o)
(10)

where ;1 a; is calculated as x4 oy = Atug_yrine(Te) +
x¢ & Atus¢(x+) + x¢. In the above derivation, the high-
lighted velocity field u;_,+ is obtained using the local linear
approximation in Theorem 4.2. Similar to MeanFlow, we
replace u;_,; on the right-hand side of Equation 10 with
the conditional instantaneous velocity to obtain supervision
from the dataset, which leads to the following loss function

LE6) =E

t,r,x1~p1,o~pe(z]|z1),2’ =sg(Atuld_, , (z))+x

uf () =l (@) .
( t+At—>r( ) ( )))”2]

At

(11)
Following MeanFlow, we sample a fraction of training pairs
with 7 = ¢. With the positive clamp (r — ¢t — At), the
proposed loss Equation 11 reduces to the Flow Matching
objective ||uf_,,(x) — us(z|z1)||? when r = ¢. This encour-
ages u?_,,(z) to accurately learn the instantaneous velocity
u¢(z), which plays a crucial role in both the theoretical
correctness and the stability of practical training.

[luf o (2) = (ue(@lar) + (r =t = At)ysg

To theoretically justify the validity of this loss, we first in-
troduce the following assumption on u?_, ., which is empiri-
cally verified in subsection 6.1 (M, ~ 1le —3, M, ~ le—4
and M, ~ lel).

Assumption 1 (Assumption of u{_,,). We assume that

uY . is differentiable with respect to its parameters

and satisfies the following regularity conditions: (1)
My = /Bty e, o[ 5 Vol (2)[3] < +00.2) M, =
VEt @) B 10a08 ar, (@)13] < +00, B) My =

\/Etwmpt(w)[I\a.sULS\s:tIIZ] < oo where 2’ = x +

Atuf_,, (), m is the model size and and || - ||2 denotes the
matrix 2-norm.

Next, we show that, up to an O(At) error, the proposed
loss serves as a valid surrogate for the trajectory consistency
objective and leads to comparable optimization behavior.
We begin with the following lemma.

Lemma 1. With M, < +o00 holds in Assumption 1, our Eu-
ler Mean Flow loss L (0) and the approximated trajectory

consistency loss ﬁé(ﬂ) satisfy

D(VLE(9), VLE(0)) < Myy[Br gy oy [0 () — ()2
(12)
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Figure 2: We present 1-step generation results of our EMF method for functional image generation (top left), SDF generation
conditioned on 64 surface points (bottom left), unconditional point cloud generation on ShapeNet (Chang et al., 2015)
(bottom right), and ImageNet (Deng et al., 2009) class-conditional generation (right).

where D denotes the root mean squared error (RMSE). Con-
sequently, during training, if ||uf_,(z) — us(x)||*> — 0,
then L (0) and LC (0) share the same optimal target at 0.
The term u;(x) denotes the reference velocity at x, defined
as uy(x) = By, op(ar |2) [ue(z|21)], which is intractable to
compute analytically. (see subsection B.2 for proof.)

Here, the approximated trajectory consistency loss EC(O)
are defined as

£60) =E

t,rx~pe(z),2'=sg(Atufd_, , (z))+z

u? ) —ul_ (x
( t+Atar( ) t~>r( )))HZ]

At
. (13)
It is straightforward to verify that the loss L (0) is the
mean-velocity formulation of L () under the local linear

approximation in Equation 10, expressed via uy_,.(x) =

Pt (z)—x
r—t

[|uf~>7"(w) - (uteat(m) + (7‘ —t= At)Sg

, and differs by a temporal scaling factor 1/ At.

The above lemma links the surrogate Euler Mean Flow
loss £ (9) to the approximated trajectory consistency loss
£¢(6). Building on this result, we can further relate
LF(0) to the original trajectory consistency objective £ (6)
thereby showing that £ (6) serves as a valid surrogate for
the trajectory consistency objective.

Theorem 4.3 (Surrogate Loss Validity). With M, =< +o0,
M, < +oo, and My < +0o hold in Assumption 1, Our
Euler Mean Flow loss LT (0) and the trajectory consistency
loss L€ (0) satisfy

D(VoL"(6),VeLE(9)) < M, \/ Etrampe (o) Uy () — w(@)]]2]
+ (MyM; + M, M)At + O(At?)

(14)
see subsection B.3 for proof.
Theorem 4.3 shows that, provided condition
Bt wmpe ) [|uf (@) — w(2)|[*] — 0 holds during

training, £ (6) serves as a valid surrogate for £ (6) up

to O(At). This condition can be promoted by local linear
approximation and by mixing a fixed proportion of samples
with r = ¢ in time sampling, as discussed below.

Rationale for the Local Linear Approximation In Equa-
tion 10, we apply the local linear approximation in two
places. First, we approximate u;_,s(z) in the summation
by us—+(x), enabling conditioning as u(x | z1) and in-
troducing direct data supervision for long-range trajectory
consistency. This choice reduces the objective to stan-
dard Flow Matching when » = t, allowing u{_,(z) to
be optimized toward u.(x) and providing the boundary con-
dition required by Theorem 4.3. Second, in the update
Tirnr = Ty + At g ne (), We approximate gy Ay
by u;—;. This approximation is motivated by efficiency,
as u;—¢ () is substantially easier to estimate under mem-
ory constraints, while using u;_,;4a; offers no noticeable
quality improvement (see Table 11).

Comparison with Previous Methods To provide an in-
tuitive comparison highlighting the key differences among
related methods, we summarize them in Table 1.

Table 1: Comparison of flow map-based one-step methods
by training strategy, JVP usage, and prediction type.

Method

MF (Geng et al., 2025a;b)
a—Flow (Zhang et al., 2025b)
ShortCut (Frans et al., 2025)
SplitMF (Guo et al., 2025)
Ours

Scratch  Distill JVP-free wu-pred xz;-pred

X X

AX NSNS
ESRNENENEN
NN X X
AN NENEN
X X X

4.3. x1-prediction Euler Mean Flows

Whether minimizing £F(6) in Equation 11 correctly

enforces trajectory consistency depends on condition
0 2 0

Bt wmpe (o) [lui—i(2) — ue(2)[|*] — 0, namely that uy_,, ()

accurately approximates the reference instantaneous veloc-
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ity us(x). However, in several applications, including pixel-
space image generation subsubsection 6.2.2 and our SDF
experiments subsubsection 6.2.3, u-prediction fails to reli-
ably learn u(z), as also discussed in (Li & He, 2025) from
a data-manifold perspective. As a result, the loss £ (8) that
relies on accurate velocity learning may become ineffective.

To overcome this limitation, inspired by (Li & He, 2025),
we adopt an z;-prediction formulation and introduce the
x1-prediction Euler mean flow. Specifically, we define the
z1-prediction mean field

btsr(x) —

Foonle) = (1 - 222

+x (15)
where Z;_,.(x) satisfies Z;,.(z) = (1 — t) ugr(z) +
x, which mirrors the instantaneous z;-prediction flow-
matching field Z;(x) = (1 —t) u¢(x) + . Under this formu-
lation, the trajectory consistency relation can be rewritten
as

(1 - t) js—)r(l’s) - it—)r(zt)
(1—mr) s—t

Tor(2t) = Tros () + (1 — 5)

(16)
Following the u-prediction case, we set s = ¢t + At and use
a local approximation of the flow map, giving Ty, s ~ Tyt
for small At. This leads to the approximation in Equation 15

R R e e
(17

where x; . a¢ is calculated as z;4a; = %(:ﬁtﬁs(xt) —
)+ & %(i‘tﬁt(‘rt) — x¢) + 2. The highlighted field
T 1s obtained using the local linear approximation for
T¢—yr. Similar to u—prediction version, we replace T+
on the right-hand side of Equation 10 with the conditional
instantaneous Z field, namely Z(x|z1) = z1, to obtain su-
pervision from the dataset, which leads to the following loss
function

L7 (0)=E

~0
20 (o)—w Ty (z)—
t,7‘,(£1~p1,Jﬂ'\»pf((L‘I.’lfl),w’:SQ(At%)‘F.’lt” t*”( )

5.0 / 5.0

(abalo) + (r — t = At) T Log TeratorO) Z T o

(18)
As in the u-prediction setting, we sample a fraction of train-
ing pairs with r = ¢, such that Equation 18 reduces to the
x1-prediction flow-matching objective ||Z¢ ,,(z) — &¢(w |
71)||> when r = t. For the field 2%, we make the follow-
ing assumption, under which a surrogate loss validity result
analogous to that of the u-prediction EMF can be estab-
lished.

Assumption 2 (Assumption of #¢_,.). We assume that

%Y, is differentiable with respect to its parameters

and satisfies the following regularity conditions: (1)
My = B 1V03, ()3 < +o0, @

M, = %\/Et,r,zNPt(x)[%HazjijAtar(x/)H%} < Foo,

(3) M{ = /oy g () [1053 [ o=t [?] < 00, where

[ i’f—n(z)*x : :
1’ = x 4 At=={—7—, m is the model size and and || - ||

denotes the matrix 2-norm (spectral norm).

Theorem 4.4 (Surrogate Loss Validity for x;-Prediction).
With Mé < 400, M. < 400, and M| < 400 hold in
Assumption 2 and Lemma 2, our Euler Mean Flow loss
LE(0) and the trajectory consistency loss L (0) satisfy

MSE(VoL*(9), VoL (9)) < M, \/Et,r,qupL(z)[Hi?ﬁL(l') — Iy(2)||?]
+ (Mg M, + M, M)At + O(A#?)

(19)
See subsection B.6 for proof.

Optimization of Time Weights When r = ¢, £Z in
Equation 18 reduces to the x1-prediction flow-matching
objective |7, ,(x)—#:(x|z1)||?. As shown in Theorem 4.4,
enforcing trajectory consistency further depends on how
well z¢ ., () approximates &; (|1 ). However, (Li & He,
2025) demonstrate that loss ||7%_,,(z) — ¢ (z|z1)||? yields
suboptimal fitting, and to mitigate this issue, (Li & He, 2025)
introduces a time weight ﬁ leading to the weighted loss
ﬁ 129, (x) — &¢(w|z1)||? (referred to as the x-pred &
u-loss). Following this strategy, we adopt the same strategy
and incorporate the time weight ||#% ,,(2) — & (x|z1)]|?
into £F" in Equation 18 to improve the learning of ¢ , ().
For numerical stability, we clamp the denominators 1 — ¢
and 1 — 7 to a minimum value of 0.02.

4.4. Algorithm

Building on the above discussion, we derive the training
and sampling procedures of Euler Mean Flows for both
conditional and unconditional generation, as summarized
in Algorithms 1 and 2. For conditional generation, follow-
ing (Geng et al., 2025a), we adopt classifier-free guidance
(CFG) during training, with an effective guidance scale
given by w’ = %, where w and k denote the CFG coeffi-
cients. Additional details on CFG, adaptive loss weighting,
and time sampling strategies are provided in subsection C.1.

5. JVP-Free Training
5.1. Training Speed and Memory Efficiency

The comparison of memory and computational cost is re-
ported in Table 5. Here, we further analyze the memory and
computational cost of our training algorithm in Algorithm 1.
For conditional generation, our training requires three
stop-gradient forward passes u?_,,(z,C), uf_, (x,Cp)
and uf, 5, (%¢+a¢, C) and one optimized forward pass
uf_,, (x, C), while MeanFlow (Geng et al., 2025a) requires
two stop-gradient forward passes uf_,,(z, C), uf_,,.(z, Cp),
one JVP computation, and one optimized forward pass
u? ,, (x,C). Although the latter two are jointly computed
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Algorithm 1 Euler Mean Flow: Training

Highlighted steps are used for conditional generation. C' repre-
sents the class label, and Cy the corresponding unconditional
label. w and k are parameter for CFG

Require: Dataset D, parameters 6, learning rate 7, noise
sampler NV, time sampler T
1: repeat
2:  Sample 1,C ~ D, xg ~ N, t,r ~ T
3 Ty < (1 — t)il?t + (1 — t)xt
4:  if u-prediction then
5: U < u?,,(2,Co), U+ ul_, (x4, 0)
6 ug(x)|z1) — (1—w—Ek)U" + kU + w(x1 — x0)
7 Ttr At < AtUtc + x¢
8 L+ ||ufﬁrg;vt, C) - sg(ut(ﬂc{Lxl) + (r —t—
At)Jrut+At4>r(If«+At7C)_ut%r(mtvc) )”2

At
else if ;1 -prediction then
9: X% 79 (24,Cp), X¢ 7Y, (x4,C)
10 Tp(x]|z) — (1—w—Ek) X" + kX 4+ wxy
11: T At < At)i_;:ft —+ x4
12 L |#, (00, O) — sg(@(alen) + (r — t—
At)_;_% jf‘#At%r(xt*’AAtf’)_i,fﬂr(xt))||2
13:  endif

14: 0+ 0—nVeL
15: until convergence

via torch. jvp in PyTorch, the JVP operation still intro-
duces non-negligible overhead. Compared to MeanFlow,
our method replaces one JVP computation with an addi-
tional stop-gradient forward pass, resulting in lower memory
and runtime costs. Moreover, by avoiding JVP operations,
our method is compatible with FlashAttention, whereas
MeanFlow does not support FlashAttention due to its re-
liance on JVP.

For unconditional generation,

our method requires two stop-

gradient forward passes u? ,,(z)

and uf, o, ,, (zi4a;) and one Kx
optimized forward pass u!_,,.(z),
whereas MeanFlow only requires
one JVP and one optimized
forward pass u!_,,.(x). Although
our approach remains more effi-
cient, the efficiency gap becomes
smaller. To further reduce the cost,
we adopt the strategy of (Geng
et al., 2025b) by introducing a
lightweight auxiliary branch to predict u?_,,(z), while the
main branch predicts u{_,,.(x). The auxiliary and main
branches share forward computations, and an additional loss
LF is used to improve the approximation of u¢_,,. The final
loss is given as g LEMEF + 115 £F with hyperparameters
1 and ps, where we set ©qy = 1 and po = 1 in practice.

Linear

Transformer Kx
Block

Transformer Block

(N-K)x

Figure 3: Auxiliary
Branch for u{_,,(x)
Prediction

With this design, training only requires one stop-gradient
forward pass and one optimized forward pass, leading to
substantially reduced memory and computational cost.

5.2. Optimization Stability

The original MeanFlow
framework often exhibits
anomalous loss escala-
tion during training. As
shown in Figure 4, the
training loss of Mean-
Flow tends to increase ab- N AL
normally as optimization ~ Figure 4: Training loss com-
progresses, even when parison between Euler Mean
adaptive loss weighting Flow and Mean Flow.

is applied for stabiliza-

tion, resulting in high variance and unstable dynamics. In
contrast, our method achieves steadily decreasing loss with
well-controlled variance, even without adaptive weighting.
Moreover, we observe that MeanFlow is prone to training
collapse in image generation tasks, including both latent-
space (Figure 18) and pixel-space (Figure 23) settings, espe-
cially under mixed-precision training, whereas our approach
remains robust. As a result of its improved stability, our
method consistently outperforms MeanFlow on both image
generation Table 6 and SDF generation Table 9 tasks.

5.3. Broader Applications

Many sparse computation libraries, such as PVCNN and
TorchSparse, do not support JVP operations, limiting the
applicability of MeanFlow in these domains. In contrast,
EMF is fully JVP-free and achieves strong performance on
functional and point cloud generation tasks, while enabling
efficient one-step and few-step generation in sparse settings
(subsection C.6, subsubsection 6.2.5).

6. Experiment
6.1. Validation

Our theorems in Theorem 4.3 and Theorem 4.4 rely on As-
sumptions Assumption 1 and Assumption 2, respectively.
To validate these assumptions, we train a DiT-B/2 model
on CelebA-HQ dataset and monitor the values of M, (M, 5’7),
M, (M), and M; (M]) throughout training. The train-
ing protocol, model architecture, and hyperparameters fol-
low subsubsection 6.2.1. To estimate the spectral norms
in My (M) and M, (M), for any matrix M, we randomly
sample ny unit vectors |v| = 1 and approximate ||M]||2
by max || Mwv||. For expectations of the form E¢ ;. ;~p, (x)
we instead evaluate E; ;. o p, (z|21),01 ~pdata- WE SAMple mo
points from ¢,7 ~ T, draw &1 ~ Pga and & ~ py(z|z1),
and estimate the expectations via Monte Carlo averaging.
Results are reported in Figure 19 and Figure 20. Additional
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experimental details on memory and timing statistics are
provided in section D.

6.2. Applications
6.2.1. LATENT SPACE IMAGE GENERATION

We evaluate our method on latent-space image generation
tasks using two datasets: ImageNet-1000 (Deng et al., 2009)
and CelebA-HQ (Liu et al., 2015), both resized to a res-
olution of 256 x 256. Following the latent-space genera-
tion paradigm, we adopt a DiT-B/2 backbone (Peebles &
Xie, 2023) together with a standard pre-trained VAE from
Stable Diffusion (Rombach et al., 2022b), which maps a
256 x 256 x 3 image into a compact latent representation of
size 32 x 32 x 4. For training efficiency, we employ mixed-
precision training with FP16, in contrast to the FP32 training
used in (Geng et al., 2025a). Our method consistently out-
performs existing approaches on both ImageNet-1000 and
CelebA-HQ (see Table 6). Moreover, as reflected in the
training dynamics compared with MeanFlow Figure 4, our
method exhibits significantly improved optimization stabil-
ity.

6.2.2. PIXEL SPACE IMAGE GENERATION

For pixel-space image generation, we adopt the JiT frame-
work following (Li & He, 2025). JiT is a plain Vision
Transformer that directly processes images as sequences
of pixel patches, without relying on VAEs or other latent
representations. To accommodate the high dimensionality
of pixel-space generation, JiT employs relatively large patch
sizes. We build our model upon JiT-B/16 and train it on
the CelebA-HQ dataset at a resolution of 256 x 256. In
the one-step generation setting, we observe behavior con-
sistent with prior findings on JiT: the u-prediction variant
of EMF produces images with significant noise and poor
visual quality Figure 9. This further highlights the necessity
of the x1-prediction variant. A comprehensive comparison
is provided in Table 7. Moreover, the training dynamics
in Figure 18 show that our method achieves substantially
improved stability compared to MeanFlow.

6.2.3. SDF GENERATION

Next, we evaluate our method on SDF generation. We
adopt the Functional Diffusion framework (Zhang & Wonka,
2024), in which the model is conditioned on a sparse set
of observed surface points (64 points) and generates the
complete SDF function from noise using an attention-based
architecture. Experiments are conducted on the ShapeNet-
CoreV2 dataset (Chang et al., 2015) and evaluated using
Chamfer Distance, F-score, and Boundary Loss, which mea-
sure surface accuracy and boundary fidelity (see subsec-
tion C.5 for details). As shown in Table 6, our method
significantly outperforms MeanFlow and achieves perfor-
mance comparable to multi-step generation. We also apply
the same framework to a 2D MNIST-based SDF generation
task (Figure 22), where handwritten digits are converted into

SDFs. In this case, the u-prediction variant of EMF sueffers
from attention variance collapse during training, whereas
only the z;-prediction successfully generates high-quality
shapes.

6.2.4. POINT CLOUD GENERATION

To demonstrate the applicability of our method to sparse and
irregular domains, we apply EMF to point cloud generation.
We adopt the Latent Point Diffusion Model (LION) archi-
tecture (Vahdat et al., 2022), which builds on a VAE that
encodes each shape into a hierarchical latent representation
comprising a global shape latent and a point-structured la-
tent point cloud. We use pre-trained encoders and decoders
based on Point-Voxel CNNs (PVCNNSs) and fine-tune both
the global and point cloud latents using EMF on the air-
plane and chair categories. Training and model details are
provided in subsection C.6. For evaluation, we compare
generated samples against reference sets using Coverage
(COV) and 1-Nearest Neighbor Accuracy (1-NNA), com-
puted with either Chamfer Distance or Earth Mover’s Dis-
tance, to assess sample diversity and distributional align-
ment. As shown in Figure 4, our method achieves competi-
tive performance among one-step generation approaches.

6.2.5. FUNCTION-BASED IMAGE GENERATION

We further evaluate our method on sparse domains via
function-based image generation using an architecture built
on Infty-Diff (Bond-Taylor & Willcocks, 2024). Infty-Diff
represents images as continuous functions defined over ran-
domly sampled pixel coordinates and employs a hybrid
sparse—dense architecture that combines sparse neural oper-
ators with a dense convolutional backbone for global feature
extraction. Sparse features are interpolated to a coarse grid
for dense processing and mapped back to the original coor-
dinates, enabling efficient learning from partial observations.
We conduct experiments on FFHQ (Karras et al., 2019) and
CelebA-HQ at 256 x 256 resolution, randomly sampling
25% of pixels during training, and exploit the resolution-
invariant nature of functional representations to generate
images at multiple resolutions (see subsection C.4 for de-
tails). As shown in Figure 11, our method achieves compet-
itive performance in one-step functional image generation
compared to existing approaches.

7. Conclusion

We proposed EMF as a trajectory-consistent framework for
efficient one-step and few-step generation, enabling direct
data supervision of long-range flow maps via a local linear
approximation of the semigroup objective. EMF avoids
explicit derivative computation through a unified, JVP-free
training scheme with theoretical guarantees, and extending it
to broader tasks, larger models, and more general theoretical
settings is an important direction for future work.
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Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Design Philosophy of the Euler MeanFlow Loss

Here we provide an overview of the design rationale of Euler MeanFlow, explaining the principles behind the Euler
MeanFlow losses. The loss design of Euler MeanFlow follows the same fundamental logic as Flow Matching: at their
core, both aim to learn a direct target. For example, Flow Matching optimizes L () = E; 4y, |[uf (z) — wi(2) |13,
where wu; () is the reference velocity field. Since u;(z) is not directly accessible from data, Flow Matching introduces a
conditional distribution p;(x | 1) and a conditional velocity u(z | x1) on 1 € D, yielding the conditional loss LEM (9) =
Bt wmpe (-21) 21 ~ps |0 (@) — wi (@ | 21)||3, which is shown that VLI'M (0) = V.LFM (9). Because u(z | z1) = L2, with
a sampled from the tractable conditional distribution p(z | x1), is directly computable from dataset D, the conditional loss
LEM () can be used to train a model targeting the original objective LM (6).

Euler MeanFlow is built on the same principle. Its ideal learning objective is L(6) =
Et7577'735t:(1—t)10+t1717351diata,w0’vpom||¢?—>r($t) - g—w’((ﬁ?—w(l’))”g in Equation 6. Similar to Flow Match-

ing, this direct objective does not explicitly leverage information from the training data. A straightforward solution is to
impose supervision only at boundary conditions and propagate it outward, as in previous works (Guo et al., 2025; Frans
et al., 2025). However, such boundary-based supervision remains sparse and indirect, which is insufficient to constrain
long-range dynamics and often leads to unstable training and degraded performance. Therefore, our goal is to design a
training objective that provides dense, data-driven supervision for u!_., (z) while avoiding reliance on boundary constraints.

The central difficulty is that, unlike instantaneous velocity fields, long-range velocity fields do not admit a natural conditional
form (Theorem 4.1), making it unclear how to incorporate dataset supervision. To overcome this challenge, we propose a
two-step strategy.

1. First, we observe that £ (6) involves three time segments t — s, s — r and t — 7. We select one segment ¢ — s
to be sufficiently short and apply a local linear approximation (Theorem 4.2) on this interval. This transforms part
of the long-range transport into an instantaneous velocity field, which admits a well-defined conditional counterpart
us_s¢(z|z1). As aresult, we obtain an intermediate surrogate objective £ () in Equation 13 that partially connects
long-range dynamics with locally defined velocities.

2. Second, since Lé(e) now involves instantaneous velocity fields, we can follow the Flow Matching framework and
replace them with conditional instantaneous velocity fields. This step injects explicit dataset supervision into the
objective and yields the final loss LEME(9).

In Lemma 1 and Theorem 4.3, we theoretically justify this construction by showing that VQEO(G) ~ Vo LEMFE () and
VoL (0) = VoL (). These results indicate that optimizing £Z* ¥ provides a faithful approximation to the ideal objective
L, while simultaneously incorporating explicit dataset supervision for learning long-range dynamics.

The x;-prediction variant follows the same strategy. It is worth noting that, although two time variables ¢ and r are involved,
only the quantities at time ¢ are generated through sampling. Consequently, only variables at time ¢ can be naturally
conditioned on observed data.

B. Missing Proofs and Derivations
B.1. Proof of Theorem 4.1

Theorem 4.1 (Non-existence of conditional flow maps) There exists no conditional flow maps ¢¢_,.(z|x¢, ) that simulta-
neously (i) is consistent with the conditional velocity u(z|x1) under Equation 3, and (ii) satisfies the consistency relation
Gt—sr(®) = Eg\ wpy (21 |2) [Pt —r(x|71)] With marginal flow maps. As a result, a self-consistent conditional cumulative field
does not exist.

Proof. First, we denote the mappings ¢;_,, () obtained from (1) and (2) as ¢£1_))T(x) and ¢§2_)>T (x), respectively. Specifically,
D (@) = ¢ (67 (), and ¢, (&) = B, iy (e 2 [ D1 (2]1)]. Tt suffices to show that ¢\, (z) # ¢{>), (). To this
end, it is sufficient to prove that %qﬁ,ﬂ,(m) # %@i,(m) att =0.

12



Trajectory Consistency for One-Step Generation on Euler Mean Flows

d
Lo = o [ deleleplafodn
T z1
d
=/ ¢Hr(m|x1)pt(x1|x)dw1
Pdata(T1)pe(x|T1)
rlx|lr)|e dx
/ (e ) P 1 o0
/ (Dt (]21)|21)Pdata (1) day
/ 1 — Z)Pdata(T1)dxy
- ]E»LlNl)data(ll)[ ] -
Consequently, if ¢§3T( ) = ﬁ{r( ) we must have icj)T( ) = Ezlwpdma(xl)[xl] — 2, ¢r(2) = (Epympunsa (@) [21]

x)r + x, which implies pgaie = (¢1)4p0 = Ig where § denotes the Dirac distribution at a single point. [

51 ~Paata (1) [T1]°

B.2. Proof of Lemma 1

Lemmal With M, \/Et vz () | [ Vould_,,.(z)]|3] < +o00 holds in Assumption 1, our Euler Mean Flow loss £ (6)

and the approximated trajectory consistency loss CC( ) satisfy

MSE(VLE (8), VL (6)) < Myy/Et om0 o) = ws()] ] @

where MSE denotes the mean squared error. Consequently, during training, if [[uf_,(x) — u;(z)[|*> — 0, then LF(0)
and £ (0) share the same optimal target at . The term u;(z) denotes the reference velocity at z, defined as u;(z) =
Ey mp(a1|z) [we(2z]21)], which is intractable to compute analytically.

Here, the approximated trajectory consistency loss EO(H) are defined as

LEO) = Epyampi(a)ar=sg(Atul,, (@) +o

[luf_, (@) = (ui_y () + (r =t = At) 22)
u? (2') —u?, (x
Sg( t+At—>7( A)t ( )))”2}

It is straightforward to verify that the loss ,CO(H) is the mean-velocity formulation of £¢(6) under the local linear

approximation in Equation 10, expressed via u;—,(z) = @ﬁri@_””, and differs by a temporal scaling factor 1/At.

Proof. We first define the reference regression loss £L%(6) as

R
L) =By 1 oy (2),0/=sg(Atul,, (2))+2
Hu?_)r(a:) — (ug(w) + (r —t — At) (23)

u? ) —ul, (z
sg( t+At—>r( A)t t—>7( )))HQ]

U/e ! —U/e . . . .
Let B(0;r,t,x) = (r —t — At)sg( ”AHT(xAi =) ). Since B(6;r,t, x) contains the stop-gradient operator sg(-), it

satisfies Vo B(0;r,t,x) = 0. Using B(0;7,t,z), the Euler Mean Flow loss LE(0), the reference regression loss £(6),
and the approximated trajectory consistency loss £ (6) can be written as
LE(0) = Bt o1 mpaasa o alan) 100 (@) = (wi(zlz1) + B9, t, 2)))%]
LEO) = Bt ompe (o) 10l (@) — (w(z) + B(0; 7, t,2)) ] (24)
LE(0) = By pompe g0 (2) = (w4 (x) + B0, 2))[1%]

13
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We first show that the Euler Mean Flow loss £ (6) and the reference regression loss £7(0) satisfy VoL () = Vo LE(6).
Expanding VL (6), we obtain

VoLE(0) = Bt o mpasesmpe(alan), [Vl (2) = (ui(|zr) + B(0;7,t,2))|%]

VB(0;r,t,x)=0
= Et,T@lNPdata,INpt(I\mﬂ [VU?*)T((E)(U?*)T((L') - ’U,t((E|{171) - B(e’ T, t7 LL‘))] (25)
V B(0;r,t,x)=0
= Etxr’wl’\’pdatayw’\’pt (z|x1) [vuf—)r(aj)(u?—)r(m) - ut(x|$1) - B(Qa T, ta Jf))]

where By ;2 opunvesompe (alo) (VU (2) (uf, . (2) — B(6;7,t, 2))] can be computed as:
Et7T,$1~Pdata,w~Pt(I\w1) [V’u’fﬁxm) (ufﬁr(‘r) — B(0;r,t,7))]
[ [ [ @ @) Bt ol pansap(e, dodedrds
trJxy Jx
:/ /(Vugﬁr(x)(uf_w(m) B(0;r,t,x) / p(x|21)Pdata(x1)dx1p(t, r)dxdtdr (26)
t,rJax

:‘/t /(Vuﬁﬁr(w)(Ufar(x) B(O;r,t,x)))p(x)p(t, r)dzdtdr

= ]Et,r,z~pt($) [Vute_n.(x) (ute—w (JU) - B(9§ T, 1, 33))}
AN Ey s oy opasn i (z)21) [V U (2)ue (2]21)] can be calculated as

Et 721 ~paata,z~p: (z]z1) [Vui)%r (z)ut(w]21)]

:/ / /Vufﬁr(x)ut(x\xl)p(m|x1)pdam($1)p(t,r)dxdmldtdr

trJxy Jx

— [ [ Vi) wilalor)plalepimale)de)p(t ridsdiar
trJzx x1

27
= [ [Vt wteleopeiapa)de)p,ddrar .
= /t / vl (x)p(x)u(x)p(t, r)dzdtdr
= Etlnmpt(z) [V, (@)ue(2)]
Therefore, we have
VoLE(0) = Et o mpguraomop (o) [V () (uf () = we(]21) = B(0;7,t, )]
= Bt () [V () (uf () = we(2) = B0 7,8, 2))] (28)

= VeLE(0)

We then calculate the difference between Vo £(6) and V, 50(9) as

VoLE(0) ~ VoLE(0) = Er vy [Voul, (2) (wl, (1) = () = B(O: 7,1, 2))
- VGU?HT('I)(U?HT(%) - u?ﬁt(‘m) - B(Q; r,t, CE))HZ] (29)

Et r,x~pi (T [qut—)r (.17) (U’?—)t (.’L’) — Ut (Z‘))]

Applying the Cauchy-Schwarz inequality and using the assumption M, = \/Etﬂ.,prt(x) [L|Voul_,,(2)]|3] < +o0in

14
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Assumption 1, we further obtain the following bound:

MSE(VoLR(9), VoLE (0)) = % B+ 2mp () [V ot (@) (uy (2) — e ()]

1 0

< B [Vt (@) oy (2) = ()]

1
< ﬁEt,T,wmu)[HVWLT(I)IbIIULt(I) — u(2)|] (30)

\/Ef r,x~py( T)[ HvGutar( )”%]]Et,r,mNpt(x)[”uteat( ) - ut( )H ]

< Mo\ JEs ooy [ (2) — e ()]

Combine Equation 47 and Equation 49, we have

MSE(VLE(9), VLY (9)) < My /Bt oy, o) [uf-o(2) = () 7] (1)

B.3. Proof of Theorem 4.3

Theorem 4.3 (Surrogate Loss Validity) With M, = \/Etmept(x)[%||Vgufﬁr(m)||§] < 400, M, =

\/Et7T7INpt(w)[%H@xuﬁm_)r(m’)ﬂg] < +o00, and M; = \/Et7T,INpt(w)[H@suf_>8|s:tH2] < o0 hold in Assumption 1,
Our Euler Mean Flow loss £F(6) and the trajectory consistency loss £ (6) satisfy

MSE(VoL(8), VoL (6)) < My\/Eromopu (o [ufo(2) — e (@)][2] + (My My + M, M) AL+ O(A)  (32)

4 ! 7u9 T
Proof. We define C(0;r,t,z) = sg(u“’m‘”(z oo )), ¥ = x + U, (x)At and D(O;r t,x) =
o " 7'[146 x . .. . . .
sg(u“““‘”"(xm) oo )), 2" =z +uf_, A, (x)At. With these definitions, the approximated trajectory consistency

loss £C (A) and the trajectory consistency loss £ (6) can be written as
L) = Euromp, (ol (@) = sg(ui_, (@) + (r =t = AYC(0;7, ¢, 2)) )

Crpy — 0 e ) 2 (33)
L) = Evrampe@) 10fr (@) = s9(ui 04 ae(2) + (r =t = AO)D(O; 7,8, 2)) %)

) =
) =
We now analyze the difference Vg cé(e) — VoL (0) between the gradients of these two objectives. A direct computation
yields

VLG (0) = VLG (0) = Bt rampy () [Vouy () (u) . (2) = (uf () + (r =t = AYC(B;7,t,2))]

- Et,’f‘ﬂ?""pt(fﬂ)[VGU?HT(x)(ut%T( ) (U?HthAt(m) + (T —t— At)D(Q; T, i, CE))]

= Bt e (0) [V Ul () ()i n (@) — ufyy (2)) + (r — t — AE)(D(0; 7, t,2) — C (07,8, :c(>3>4>‘})

We first bound the difference D(0;r,t,2) — C(6;r,t, x). By definition,

(@) =l (0) i, (37—l (0),
At At

0
u
||D(97 T, t7 .13) - 0(9, T, t7 x)” — || t+At—r
1
Al sen (@) =l ses ()]

1
= 110wt prsr () (& — 2] (35)

1
= E||8$u§+At—>r(‘r/)(uf—>t+At( r) — ut—>t x)) At

(
= [105ufy ap-or (2) (U] ag (@) = uf L (2))]

< 0wy s (@) l2lluf g ar @) = uf (@)
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Next, the difference uf_,,, 5,(z) — ul_,,(x) admits a first-order expansion:

||“§at+m(x) - U’?*)t(x)” = ||“?at( ) + Atds ut~>s|8 t+ O(At2) ut%t(x)”

‘ (36)
< At)|0suf, o= + O(AL?)

Combining the above estimates, we can bound ||V9£é(9) — VoLC(0)| as

MSE(Vaﬁé( 6), VoLC(0))

> \/>Et ryxe~pg(T) ”V@ut—n( )((ug—n-i-At(x) - uf—»t(x)) =+ (T —t— At)(D(HQ rt, 33) - C(6§ rt, x)))H
1
< ﬁEtm,w~pt(z)[”v@ut—w(a")(u?—w—&-At( z) — i, (2))|| + (r —t = At)||D(8; 7, t, ) — C(6; 7, t,z) ]
1
< ﬁﬂft,r,mm(z)[||Veuf—>r($)||2Huf—>t+m( ) = uf (@) + (1 =t — A [[0puly apsr (&) l2luf 14 ar () = uf i ()]

1
< ﬁEt,r,mpt(z)[IIVeULT(x)IlzHU?ﬁHAt(x) =t (D)) + Bt o () (105084 arsr ()2l g ap (%) = ui ()]

1
< \/]Et,r,a:fvpt(w)[m”vf)uf—w(x)”%]Etmmrvpt(w)Huf_>t+At( ) — ut—>t( )12

1
+ \/Et,r,wfvpt(x)[ma”ﬂute-i-At—w(x/)”%]Et,r,zrwpt(m)[”u?—n-&-At( ) ut—>t( )” ]

1
< (\/Et,r,:cwpt(a:) [E ||V9ut9—>r (x) ”%]Et,r,wrvpt(x) [Hasuf—m |s:t H2

1
i ¢ Bt riompe(o) [ 100005 ap o () 31t rarep () 19t o=t ) At + O(AE?)

= (M,M; + M, M;)At + O(At?) 5
7)

where M, = \/Etﬂ',wNPt(I)[%”VWL?—W(I)”%] < 400, My = \/Et,r,wfvpt(w)[%Haﬂﬂuf—kAt—w(l‘/)”%] < 400, and M; =

\/Etvmwpt(m)[||85ufﬁs\szt||2] < 400 as Assumption 1.

Combine with Lemma 1, we have

MSE(VoLE(0),VoLC(8)) < MSE(VoLE(0),VoLC (8)) + MSE(VoLC (6),VoLC ()
< M, \/Etmwt(z) llufe(2) = we(2)]|2] + (Mg My + Mo M;) At + O(AL?)

(38)
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B.4. Derivation of Equation 15

s—t
1—t

Substituting this relation Z;—,-(z) = (1 —¢) up— () + z and s = ¢ 5(x;) =
we obtain

(r = s (ze) = (8 = )5 (me) + (1 — 8)ussr ()

(Z4—s(x) — z¢) + 2 into Equation 8,

(oot =y (g Todlr) 2 (Bl o
Froanlw) = 70+ T (Fuss(w) — ) + 8 - ?)((’;:2 (Faor () — 22)
oo (01) = 1+ 5 o) =) + (TR = (0 = T o) = 20) — )
Tyosp(@n) = 20+ —— (Bra(2e) — 1) + 8 — ?)((::j; (&osr () — %@Hs(xt) tixt)
Tysr () = i—::iﬁs(xt) + W(isﬁr(%) —~ %ftﬂ(%))
oo (1) = T e o) + (T (@)
mfw(m = 1 — Z : = zftas(xt) + 8 — i))((::g (Zssr(@s) = Tpsr (1))
Frose (@) = Frosala) + (r — 9) 8 - t>) eo () = B (21
(39)

B.S. Lemma 2 and its proof

Lemma 2. With M, = \/Et7,,7wNpt(w)[ LIWezl_,, (2)|13] < +oo holds in Assumption 2, x1-prediction Euler Mean Flow

m

loss LF' (0) and the approximated x:-prediction trajectory consistency loss £ (0) satisfy

MSE(VL (6), VLY (0)) < My\[Eo o) (174 (2) — 1) 2] (40)

Consequently, during training, if | Z0_, ,(x) — Z,(2)||* = 0, then LF(8) and ¢ (0) share the same optimal target at 0. The
term &y(x) denotes the reference instantaneous velocity at x, defined as T+(x) = Eq, wp(a|2) [sﬁt(x|x1)}, which is generally
intractable to compute analytically.

Here, the approximated x1-prediction trajectory consistency loss £ (0) are defined as

£°(0) = 0y
( ) t,r,a:wpt(I),w’:sg(Atipgﬁfi‘:) S
(70 (2) = (F(2) + (r — t = At) (41)
1-1¢ Sg(‘;i.gf»At*)’r‘(x/) - i‘?*)’r‘(x) )) ||2}
1—7r At
It is straightforward to verify that the loss ECI(Q) is the mean-velocity formulation of £LC' (0) under the local linear
approximation in Equation 10, expressed via Ty (x) = (1 —t) ‘mrig)ﬂ” + x, and differs by a temporal scaling factor

(1—t—At)
At(A—)(1—1)"

Proof. We first define the reference regression loss £7(6) as

¥ (9) =E

’_ 5?4”(;:)—1
t,r,ape(w),2' =sg(At—=2—)4a
(120, () — (Z:(x) + (r —t — At) (42)

1-1 j?«%At%r (Z‘/) - jf—)r (37) 2
Ly & DI
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70 2 ) —z? T . . .
Let B'(6;r,t,2) = (r —t — At)1=Lsg( L”AH’(Az toor )). Since B’(6;r, t, x) contains the stop-gradient operator sg(-),
it satisfies Vg B’ (0;r,t,x) = 0. Usmg B'(0;r,t,x), the x1-prediction Euler Mean Flow loss L' (6), the x,-prediction
reference regression loss Lr (9), and the approximated trajectory consistency loss £ (0) can be written as
LE(0) = Etrzimpaasasompi elon) (1T (@) = (Fe(@]r) + B' (057, ¢,2)) |
LT (0) = Eippmp, (o) 1350 (@) = (F4(2) + B (07, ,2)) ] (43)
LEO) = Evampe 17 () = (374(x) + B'(0; 7,8, 2))]1%)

We first show that the x;-prediction Euler Mean Flow loss CE (9) and z-prediction the reference regression loss LE 9)
satisfy Vo LE (0) = VLR (). Expanding Vo LF (6), we obtain

VoL (0) = Etraimpaarasompi olo), Vol T (@) = (Te(aler) + B'(0;7,,2))|]

V@B/(9£7t,$):0 0

]Etﬂ’,ml’vpdam»fﬁ’vpt(ﬂfl) [Ve‘%?ﬁr(x)(‘%t%r(‘r) - .’Et($|l‘1) - B/(G; r, t7 1’))] (44)

V@B/(a;_r,t,x)=0 0

Bt r21~paara,zmpe (alz1) [Ve'%?ﬁr(:E)(jtﬁr(m) — &y(xlz1) — B'(0;7,t,2))]
where By 1 oy wpuosaomope (2l21) [V 0Z 4 (2) (27, (x) — B'(6;7,t,2))] can be computed as:
Etar’xl’vpdata7m’\’pt(ﬂ?‘$1) [Ve‘%?ﬁr(x) (‘%?ﬁr(‘%‘) - B/(a; T, tv x))}

— [ ][ (Ve @)@l )~ B 6 ) plako ) pausa (o0 )plt, ) daddeds
t,rJxy Jx

z/ /(VgifﬁT(x)(ﬁftfﬁT(x) "(0;7,t,x) / p(z|21)Pdata(1)dz1p(t, r)drdtdr (45)
t,rJx

:/t /(Vef?w(x)(ffw( ) = B'(0:r,t,2)))p(x)p(t, r)dwdtdr

= ]Et’T;INPt(!I?) [Vj}?—n* (J?) (jf—w (1‘) - B,(ea T, ta Jj))]
AN Ey oy opiansn omope (a)20) [V 4 (2)E¢ (2|21)] can be calculated as
Et”"axl“‘;ﬁdam ;x~pe(z]z) [Vei‘?ﬁr(m)i‘t <$|l‘1 )]

=/ / /V@iszT(x)it(m|ac1)p(x\xl)pdam(xl)p(tr)da?dxldtdr
t,rJxy
/ /VO:C:&—W / Ze(x|x1)p(z|21)pdata (1) dz1)p(t, r)dzdtdr

(46)
/ / Vgxtﬁr / Ze(x|z)p(z1|2)p(x)dzy )p(t, r)dzdtdr
t,r
= / / Vgit%,.(x)p(x)a?t (z)p(t, r)dzdidr
trJao
= Et,r,ﬂwm(m) [V@ﬂ?fﬁr (2)Z¢ ()]
Therefore, we have
vgﬁEl (9) = Etyrvxledata7prt ($|331) [vjf—w(x) (‘%?—W ($) - i't (.’E|CE1) - B(a’ rﬂ tv 1’))]
= By oy (o) [VE . (2) (E], () — E4(2) — B(0; 7,1, 2))] (47)

= VoL (9)

We then calculate the difference between VLR (6) and V ¢ (9) as
VoL (0) = VoL (0) = Erompu(o)[Voi] o (0)(#0 (2) = Eo(2) = B(O37,1,2))
- Vngar (.Z’) (i'teer (.Z') - i‘?ﬁt (.’L‘) - B(e; rt, .%‘)) ”2] (48)

=Er Lz~ ( [vat—)r(x) (i‘f_)t(x) — Z¢(z))]
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Applying the Cauchy-Schwarz inequality and using the assumption M| = \/ Bt zmpe () [ | VoZ0_, (@)]|?] < 400 in
Assumption 2, we further obtain the following bound:

MSE(VoLR (8), VoL () = %HEM,IW@ [Voil_, ()(&),(z) — Z:(2))]]
< %Et,r,mt@mveaz?w(x)(f?ﬁt(x) —E(@)]]

1 N - -
= ﬁEt,nmpt@:)[IIVewﬁﬁr(x)\lzlleﬁt(fv) — Z()]] (49)

1 N - -
< \/Et,nmpt(m) [V o (2)IEBt . ampy o) (1 (%) = T (2)|]

< Mo o) [E () — Fo(a) 2

Combine Equation 47 and Equation 49, we have

MSE(VLE (6), VLY (0)) < My\[E o) (174 () — 4(2) 2] (50)

B.6. Proof of Theorem 4.4

Theorem 4.4 (Surrogate Loss Validity for z-Prediction) With M/ = \/Et,r,prt(r) [L{|Voul_,,()]13] < o0, M, =

\/Etyr’xwt(m)[%Hazuirm%r(x’)”%] < 400, and M| = \/]Etmzwpt(m)[||8Sut9%5|szt||2] < +o0 hold in Assumption 2 and

Lemma 2, our Euler Mean Flow loss £ (6) and the trajectory consistency loss £ (6) satisfy
MSE(VyLE(6), VL (6))

< Mg\/ Bt ronpe () |1 (@) — Ze(2)|?] D
+ (Mg My + M, M)At + O(At?)

~60 N__ =0 ~6
Proof. We define C'(0;r,t,z) = sg(m“m‘"(zz I"‘”(z)), ¥ = x4+ %At and D'(0;r,t,x) =
70 2N—30 (4 50 )z
sg(l”rAH'ruA t) Tor () ),z =x+ %At. With these definitions, the approximated trajectory consistency loss

¢ (6) and the trajectory consistency loss £Z (#) can be written as
A N - 1—-t
£ (6) = B [1F () — 59 (F () + (= = A1) 1 —-C (67, 1,2)) )
(52)
/ N - 1-1t
£C (9) = ]Et,r,:tprz(r) [”x?—)r($) - Sg(x?ﬁtJrAt(x) + (7" —1- At)ﬁD(ev T, ta x))HQ}

‘We now analyze the difference Vg c¢ () — Vo LE" () between the gradients of these two objectives. A direct computation
yields

~! ’ - - - 1 - t
VLG (0) = VLG (0) = By pampe (o) [VoTi (2) (T, (2) = (3 (@) + (r =t = At)y7—C"(0;7, 1, 2))]

- - - 1-t
= Bt o (@) V0Tl () (3, () = (B ppnd(@) + (r =t = M) —D'(0;7, 1, 2))]
1—t

= Et7r,m~pt(w) [ijf—w(z)((f?—n-i-At(x) - f?—n(l‘)) +(r—t— At)ﬁ(D/(GE rt,x) — C'(G; r,t,x)))]

(53)
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We first bound the difference D’ (0;r,t,x) — C'(0;r,t, z). By definition,

7Y (") -39, () ¢ (") — 39, ()
D' (6: (P — t+At—r t—r _ Tt At—r t—r
P nte) ~O el = - . ||
At thJrAtHr(x/) - ‘i‘§+At~>r(x//)||
= EHawjt-rAt—w(x/)(mu =)
~0 ~0 (54
e Tiorad(@) — T (2)
10030, s () (PR TR Ay
- i (x) — 74 ()
= ||8Ix§+At~>’r‘(m ) Lot 1_¢ = )l
= t+At—r\T /)||2||i'§—>t+At(x) - i?—n(x)”
< 710 z (x
Next, the difference )_,, , A, () — #/_,,(z) admits a first-order expansion:
17 ae(2) = T (@) = 17, () + AtDs&, |s=e + O(AL?) — &7, (2)) 55)
< A0, |s=ell + O(AE?)
Combining the above estimates, we can bound MSE(V@EC” (0), VoL () as
MSE(VoLE (0), VLS (0))
1 - - 1-1¢
< =Biranpi(@) Vot (@) (71 ar() = F(2)) + (r —t = At) 7 (D' (O:rt,2) = (05,8, 7))
1 _ _ 1
< VT () ad0) = B2 + 2= = AT D017 1.2) = C' (B, |
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Combine with Lemma 2, we have
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Algorithm 2 Euler Mean Flow: Sampling

Highlighted parts are used for conditional generation.

Require: parameters 6, learning rate 7, noise sampler N’
1: repeat
2:  Sample g ~ N
3:  if u-prediction then
4: vy =ud 1 (z,0) +x
else if x;-prediction then
5 Ty = ig—)l(xac)
6: endif
7: until convergence

Batch Size 64 Batch Size 256 Batch Size 64
Training Steps 400K Training Steps 800K Training Steps 600K
Classifier Free Guidance - Classifier Free Guidance 2.5 Classifier Free Guidance -

Class Dropout Probability - Class Dropout Probability | 0.1 Class Dropout Probability -

EMA Ratio 0.9999 EMA Ratio 0.9999 EMA Ratio 0.9999
Optimizer Adam Optimizer Adam Optimizer Adam
Learning Rate le-4 Learning Rate le-4 Learning Rate le-4
Weight Decay 0 Weight Decay 0 Weight Decay 0

Patch Size 2 Patch Size 2 Patch Size 16
Backbone DiT-B/2 Backbone DiT-B/2 Backbone JiT-B/16
Table 2: Latent-Based CelebA-HQ. Table 3: Latent-Based ImageNet. Table 4: Pixel-Based CelebA-HQ.

C. Model Architecture and Details of Dataset, Training, Sampling and Results

C.1. Algorithm Details

Classifier-Free Guidance (CFG) For conditional generation, we follow (Geng et al., 2025a) and apply classifier-free
guidance (CFG) during training by modifying the conditional field. Specifically, u(z|x1) is replaced by wu(z|z1) + (1 —
w—k)ul_,,(x,Co) + kul_,,(x;,C), where C is the label of z; and Cy denotes the null label. The effective guidance scale
is w’ = %-. Unconditional capability for uf_,,(x¢,Cp) is enabled by dropping labels with probability p = 0.1 during
training.

Time Sampler Following (Geng et al., 2025a), we independently sample ¢, 7 ~ 77 and swap them if £ > r, forming the
sampler 7. We use 71 = U[0, 1] by default and a log-normal distribution for ImageNet. In addition, a fraction « of samples
is constructed with = ¢, corresponding to training the instantaneous model, e.g., u? ,,. This ensures that the validity
condition |[uf_,,(x) — us(x)| — 0 required by Theorem 4.3 for LEFM s satisfied.

Adaptive Loss For Training stability, we follow (Geng et al., 2025a) and adopt an adaptive loss (Geng et al., 2024) to

reweight loss as w||A||2, w = to stabilize learning, where A denotes the discrepancy in the loss.

1
(1Al5+e)?

C.2. Latent Space Image Generation

Model We adopt a Diffusion Transformer (DiT) (Peebles & Xie, 2023) architecture with DiT-B/2 configuration as our
backbone for image generation. The input image =z is first encoded as a latent z by a pretrained variational autoencoder
(VAE) model (Kingma & Welling, 2022) from Stable Diffusion (Rombach et al., 2022a). For 256 x 256 x 3 images, the
shape of z is 32 x 32 x 4. The latent z is first partitioned into non-overlapping patches of size 2 x 2, resulting in a token
sequence. Each patch is linearly projected into a D-dimensional embedding space, where D = 768 for DiT-B/2. The
backbone consists of a stack of Transformer blocks with multi-head self-attention and MLP layers. For conditioning, we
follow the AdaLLN-Zero design introduced in DiT. Specifically, the time embeddings for ¢ and r, together with optional class
embeddings for conditional generation, are first projected through a small MLP and then used to modulate the Transformer
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Figure 5: Latent image unconditional generation result trained on CelebA-HQ dataset (Liu et al., 2015). First, second and
third rows shows 1-step, 2-steps and 4-steps generation respectively.

blocks via adaptive layer normalization. See Table 2 and Table 3 for hyperparameters in detail.

Datasets We trained DiT-B/2 on two image datasets: ImageNet-1000 (Deng et al., 2009) and CelebA-HQ (Liu et al.,
2015). ImageNet-1000 contains approximately 1.28M training images and 50K validation images spanning 1,000 object
categories. CelebA-HQ contains 30,000 high-resolution human face images derived from CelebA. All dataset are resized to
a resolution of 256 x 256.

Metric To evaluate generative performance, we generate S0K samples for each trained model and compare them against
the corresponding real datasets. We report the Fréchet Inception Distance (FID) (Heusel et al., 2017) computed using
Inception-V3 features. We follow the same evaluation protocol as in (Geng et al., 2025a) for FID computation.

Result For qualitative evaluation, we present unconditional 1-, 2-, and 4-step generation results on CelebA-HQ in Figures 5
and 6. We also show conditional 1-, 2-, and 4-step generation results on ImageNet in Figures 24-27, using the image
category as the guidance condition. In both cases, we see our 1-step generation result give reasonably good result comparing
against few-step generations. For quantitative comparison, we report FID scores for both datasets in Table 6 where our
method achieves the best result overall.
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Figure 6: Latent image unconditional generation result trained on CelebA-HQ dataset (Liu et al., 2015). First, second and
third rows shows 1-step, 2-steps and 4-steps generation respectively.

C.3. Pixel Space Image Generation

Model We conduct pixel-space image generation experiments using the Just Image Transformers (JiT) architecture (Li &
He, 2025), training the JiT-B/16 model on CelebA-HQ. Conceptually, JiT is a plain Vision Transformer (ViT) applied to
patches of pixels without latent encoding. An input image of resolution H x W x C'is divided into non-overlapping p X p
patches, producing a sequence of patch tokens. To ensure sufficient capacity to model high-dimensional images, JiT uses
large patch size (p = 16) to balance spatial token length and per-token dimensionality. Each patch token, of dimensionality
p?C, is linearly embedded and combined with sinusoidal positional embeddings before being processed by a stack of
Transformer blocks. For conditioning on time ¢, r and class information (when applicable), JiT uses AdaLLN-Zero similar to
DiT. The output tokens are projected back to patch RGB values to reconstruct the full high-resolution image. See Table 4 for
hyperparameters in detail.

Result Unconditional pixel-space generation results using the JiT architecture combined with our EMF method, trained
on CelebA-HQ with the z;-prediction objective, are shown in Figures 7 and 8. Our method maintains consistent visual
quality across 1-, 2-, and 4-step sampling. We further verify that the x;-prediction objective is essential: when trained with
the u-prediction objective, the generated images remain noisy even as the number of inference steps increases (Figure 9).
Quantitative results are reported in Table 7.
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Figure 7: JiT image unconditional generation result trained on CelebA-HQ dataset (Liu et al., 2015). First, second and third
rows shows 1-step, 2-steps and 4-steps generation respectively.

C.4. Functional Image Generation

Model We build upon the Infty-Diff architecture (Bond-Taylor & Willcocks, 2024), which models both inputs and outputs
as continuous image functions represented by randomly sampled pixel coordinates. As shown in Figure 10, the network
adopts a hybrid sparse—dense design composed of a Sparse Neural Operator and a Dense U-Net to support learning from
sparse functional observations. The Sparse Neural Operator first embeds irregularly sampled pixels into feature vectors.
These features are interpolated onto a coarse dense grid using KNN interpolation with neighborhood size 3, enabling
subsequent dense processing. A U-Net is then applied on a 128 x 128 grid for 256 x 256 images, with 128 base channels
and five resolution stages with channel multipliers [1, 2,4, 8, 8]. Self-attention blocks are inserted at the 16 x 16 and 8 x 8
resolutions to enhance global context modeling. The dense features are subsequently mapped back to the original coordinate
set via inverse KNN interpolation and further refined by a second Sparse Neural Operator, with a residual connection applied
to the initial sparse features.
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Figure 8: JiT image unconditional generation result trained on CelebA-HQ dataset (Liu et al., 2015). First, second and third
rows shows 1-step, 2-steps and 4-steps generation respectively.

Following Infty-Diff, we implement the Sparse Neural Sparse Neural Operators
Operator using linear-kernel sparse convolutions with [ xo-wreivee
TorchSparse for efficiency. Each Sparse Operator module f<x)-| " " I‘ +—o

is composed of five convolutional layers in sequence. It
begins with a pointwise convolution, followed by three
linear-kernel operator layers. Each operator layer applies
a sparse depthwise convolution with 64 channels and a
kernel size of 7 (for 256 x 256-resolution images), and
is followed by two pointwise convolutions with 128 hid-
den channels to mix channel-wise information. A final
pointwise convolution projects the features to the output
dimension. Time conditioning is incorporated in both the
sparse and dense components using sinusoidal positional Figure 10: The network design of Infty-Diff.
embeddings (Vaswani et al., 2017), following the Mean

Flow formulation (Geng et al., 2025a). The embeddings of ¢ and r are summed and injected in place of the original time
conditioning used in Infty-Diff. The resulting model contains approximately 420M trainable parameters.

Dense U-Net

Dataset We conduct experiments on two image datasets: FFHQ (Karras et al., 2019) and CelebA-HQ. FFHQ contains
70000 diverse face images. All images are resized to 256 x 256. Following Infty-Diff (Bond-Taylor & Willcocks, 2024), we
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Figure 9: We show u-prediction of JiT will fail to generate clean images

Table 5: Comparison of memory and computational cost between our method and MeanFlow for unconditional (CelebA-HQ)
and conditional (ImageNet-1000) generation using the DiT-B/2 model. “Peak” denotes the maximum GPU memory usage
during training, “Fixed” refers to the constant memory overhead, and aux-EMF indicates our method with a 4-block
auxiliary head. All experiments are conducted on a single H200 GPU with batch sizes of 64 for CelebA-HQ and 128 for
ImageNet-1000, using EMA and AdamW optimization with mixed-precision (FP16) training in PyTorch.

Method Dataset Peak Memory Fixed Memory Speed/Iter FID
MeanFlow CelebA-HQ 32.1GB 2.3GB 151.4ms 12.4
EMF (Ours) CelebA-HQ 23.3GB 2.3GB 91.2 ms 10.9
aux-EMF (Ours) CelebA-HQ 17.6GB 2.8 GB 84.2 ms 11.7
MeanFlow ImageNet 101.9GB 2.4GB 400.9ms 11.1
EMEF (Ours) ImageNet 57.9GB 2.4GB 198.8ms 7.2

randomly sample 25% of image pixels during training to evaluate functional-based generation.

Result For 2D functional image generation, we present qualitative results in Figure 12 for 1-step unconditional generation
on FFHQ, and in Figure 11 for 1-step unconditional generation on CelebA-HQ. Following Infty-Diff, we use FID¢yp
(Kynkiddnniemi et al., 2023) metric to assess function-based generative methods. Because our model generates a continuous
function that represents an image, the output is resolution-agnostic. We therefore visualize samples at multiple resolutions,
ranging from 64 to 512 on FFHQ and from 64 to 1024 on CelebA-HQ. For quantitative evaluation, Table 8 compares our
method against prior approaches; despite using a single sampling step, our results are comparable to multi-step methods
such as oco-Diff.
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Table 6: Comparison of training objectives under equivalent architecture (DiT-B) and compute. FID-50k scores (lower is

better) are shown over 128-, 4-, and 1-step denoising.

CelebA-HQ-256 (unconditioned)

ImageNet-256 (class conditioned)

Method 128-Step  4-Step 1-Step
Diffusion (Song et al., 2021a) 23.0 123.4 132.2
FM (Lipman et al., 2023) 7.3 63.3 280.5
PD (Salimans & Ho, 2022) 302.9 251.3 14.8
CD (Song et al., 2023) 59.5 39.6 38.2
Reflow (Liu et al., 2023) 16.1 18.4 23.2
CM (Song et al., 2023) 53.7 19.0 33.2
ShortCut (Frans et al., 2025) 6.9 13.8 20.5
MF (Geng et al., 2025a) - - 124
EMF (Ours) - - 10.8

128-Step  4-Step 1-Step
39.7 464.5 467.2
17.3 108.2 324.8
201.9 142.5 35.6
132.8 98.01 136.5
16.9 32.8 44.8
42.8 43.0 69.7
15.5 28.3 40.3
6.4 7.1 11.1
5.6 6.9 7.2

Table 7: Comparison of pixel-space generative methods under equivalent architectures (DiT-B) and computational budgets
on CelebA-HQ-256. FID-50k scores (lower is better) are reported for 2-step and 1-step denoising, while FID-10k scores are

used for the 128-step setting.

Method Variant 128-Step  2-Step  1-Step
JiT (Li & He, 2025) u-pred, u-loss 339.7 384.4  407.0
JiT (Li & He, 2025) x1-pred, x1-loss 27.9 441.6  440.1
MeanFlow (Li & He, 2025)  x;-pred, z;-loss 42.2 41.5 56.8
EMF (Ours) u-pred, u-loss 329.4 3233 3246
EMF (Ours) x1-pred, x1-loss 21.4 26.4 30.6
EMF (Ours) x1-pred, u-loss 35.8 34.8 36.3
C.5. SDF Generation

Model We adopt the Functional Diffusion architecture (Zhang & Wonka,
2024) for signed distance field (SDF) generation. A SDF represents a shape
as a continuous scalar function whose value at each spatial location equals
the signed distance to the closest surface, with the sign indicating whether
the point lies inside or outside the shape. Both inputs and outputs of the
model are specified by randomly sampled points and their corresponding
function values, rather than fixed grids. Concretely, the input function
fe is given by a set of context points {z:}"_; with values v} = f.(z%),

while the output function f, is queried at locations {aﬂ }7L, to produce
values {vg }7L.1- This formulation naturally supports mismatched context
and query sets, enabling flexible functional mappings. Following (Zhang &
Wonka, 2024), the context set is evenly divided into d disjoint groups. As
shown in Figure 15, each group is processed sequentially by an attention
block composed of cross-attention followed by self-attention. The cross-
attention uses a latent vector to aggregate information from each context
group, where the latent is initialized as a learnable variable representing
the underlying function and is propagated across blocks. Context points
are embedded by combining Fourier positional encodings of spatial coor-
dinates with embeddings of function values, and further concatenated with
conditional embeddings. In our experiments, conditioning is provided by
64 partially observed surface points.

27

Context 1 Condition

ug&u :

Condition

Attantlon /Attention|
Figure 15: The network design of Functional
Diffusion.



Trajectory Consistency for One-Step Generation on Euler Mean Flows

Figure 11: 1-step functional generation for images on CelebA-HQ (Liu et al., 2015) dataset. From left to right, we show
images generated at 64, 128, 256, 512 and 1024n resolution respectively.

Figure 12: 1-step functional generation for images on FFHQ (Karras et al., 2019) dataset. From left to right, we show
images generated at 64, 128, 256 and 512 resolution respectively.

Dataset We follow the surface reconstruction setting of Functional Diffusion (Zhang & Wonka, 2024), where the model
reconstructs a complete surface from 64 observed points sampled on a target shape. The generative process is conditioned on
these surface points and predicts the full SDF starting from noise. All experiments are conducted on the ShapeNet-CoreV2
dataset (Chang et al., 2015), which contains approximately 57000 3D models spanning 55 object categories. Using the same
preprocessing pipeline as prior work (Zhang & Wonka, 2024; Zhang et al., 2023; 2022), each mesh is converted into an SDF
defined over the domain [0, 1]3. For each shape, we uniformly sample n = 49152 points to form the context set and their
SDF values, and independently sample m = 2048 points as query locations with corresponding SDF values. In addition, a
separate set of 64 surface points near the zero-level set is sampled and used as conditional input.

Metrics We evaluate reconstructed SDF quality using Chamfer Distance, F-score, and Boundary Loss, following prior
work (Zhang & Wonka, 2024; Zhang et al., 2023; 2022). Chamfer Distance (CD) and F-score are computed by uniformly
sampling S0K points from each reconstructed surface. F-Score evaluates surface reconstruction quality by measuring the
precision—recall trade-off between generated and ground-truth surface points under a fixed distance threshold. It quantifies
how well the predicted surface aligns with the true surface by penalizing both missing regions and spurious geometry.
Boundary Loss measures SDF accuracy near the surface boundary and is defined as Boundary(f) = ﬁ D icen 1 f(xi) =

q(x;)|?, where Eq denotes points sampled near the zero-level set, f is the predicted SDF, and ¢ is the ground-truth SDF.
This metric is computed using 100K boundary samples. We use the same train/test split as (Zhang & Wonka, 2024) for our
experiment.

Result For SDF generation, we train our model on ShapeNet using only 64 surface points as conditioning input. This
sparse-conditioning setting is challenging, particularly for single-step generation. Qualitative results for 1-step conditional
generation are shown in Figures 13 and 14. For quantitative evaluation, Table 9 reports 3D reconstruction metrics; our
method achieves quality comparable to multi-step approaches and consistently outperforms the original mean flow method.

C.6. Point Cloud Generation

Model We adopt the Latent Point Diffusion Model (LION) architecture (Vahdat et al., 2022) for point cloud generation,
which performs generative modeling in a structured latent space derived from point clouds. As shown Figure 17 in The model
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Table 8: Evaluation of FID¢yp (Kynkdidnniemi et al., 2023) against previous infinite-dimensional approaches trained on
coordinate subsets. The best results for the 1-step and multi-step settings are highlighted in bold. * indicates missing entries,
where FID scores are reported instead of FID¢yip.

Method Step CelebAHQ-64 CelebAHQ-128 FFHQ-256
D2F (Dupont et al., 2022a) 1 40.4* - -
GEM (Du et al., 2021) 1 14.65 23.73 35.62
GASP (Dupont et al., 2022b) 1 9.29 27.31 24.37
EMF (Ours) 1 4.32 8.86 15.0
oo-Diff (Bond-Taylor & Willcocks, 2024) 100 4.57 3.02 3.87
DPF (Zhuang et al., 2023) 1000 13.21* - -

Table 9: Quantitative comparison of reconstruction quality. The model is trained on the ShapeNet dataset, where the
conditional input consists of 64 points sampled from the target surface. The model is required to reconstruct the surface
based on these 64 points. Step denotes the number of inference steps.

Method Step Chamfer | F-Score{ Boundary |
3DS2VS (Zhang et al., 2023) 18 0.144 0.608 0.016
FD (Zhang & Wonka, 2024) 64 0.101 0.707 0.012
MF (Li et al., 2025) 1 0.060 0.584 0.011
EMEF (Ours) 1 0.046 0.674 0.011

({ lower is better; T higher is better.)

builds upon a variational autoencoder that encodes each shape into a hierarchical latent representation consisting of a global
shape latent and a point-structured latent point cloud, capturing coarse structure and fine-grained geometry, respectively.
The encoder, decoder, and latent point
diffusion modules are implemented with
Point-Voxel CNNs (PVCNNSs) (Liu et al.,
2019), following the design of (Zhou et al.,
2021). The global latent diffusion model is
parameterized by a ResNet-style network

Latent Point Latent PVCNN
Diffusion Model Point Cloud Decoder
composed of fully connected layers, imple-

mented as 1 x 1 convolutions. Condition- Figure 17: The network design of LION.
ing on the global latent is injected into the

PVCNN layers to generate point-structured latent point cloud through adaptive Group Normalization. For modeling the
point-structured latent representations, we further adopt a modified DiT-3D backbone based on (Wang et al., 2025), which
provides stronger modeling capacity and improved scalability. Finally, the decoder maps the generated latent representation
back to the 3D space, yielding the output point cloud.

Global Latent
Diffusion Model

Global Latent

Output
Point Cloud

Dataset We conduct experiments on the ShapeNet dataset (Chang et al., 2015) using the preprocessing and data splits
provided by PointFlow (Yang et al., 2019). We focus our evaluation on two object categories: airplanes and chairs. Each
shape in the processed dataset contains 15,000 points, from which 2,048 points are randomly sampled at every training
iteration. The training set includes 2,832 airplane shapes and 4,612 chair shapes. For evaluation, we report sample quality
metrics against the corresponding reference sets, which comprise 405 for airplanes and 662 for chairs. Following PointFlow,
all shapes are normalized using a global normalization scheme, where the mean is computed per axis over the entire training
set and a single standard deviation is applied across all axes.

Metrics To assess the performance of point cloud generative models at the distribution level, we compare a generated
set S, with a reference set .S, with Coverage (COV) and 1-Nearest Neighbor Accuracy (1-NNA), both of which rely on a
pairwise distance defined between point clouds.

Coverage (COV) measures the extent to which the generated samples span the variability of the reference distribution.
Specifically, each reference shape is associated with its closest counterpart in the generated set, and COV is defined as
the fraction of generated shapes that are selected as nearest neighbors by at least one reference shape. As a result, COV
primarily reflects sample diversity and sensitivity to mode collapse, while being largely agnostic to the fidelity of individual

29



Trajectory Consistency for One-Step Generation on Euler Mean Flows

Input Result showing Additional Results Input Result showing Additional Results
conditional Points conditional Points
T "-*4:“' .
_ e I !
|
% . e = =
s [ L T
v
& e
5 . 1 3 | I
i i

l:_ﬁli 1) . g( Y . 4-. ' .
; 1 1 - | A

T 1] 3

, e A _

g P =¥

Figure 13: We show 1-step functional SDF generation results. The leftmost column visualizes the conditioning points,
overlaid on the first generated mesh shown in the second column. Additional generated samples are presented in the
remaining columns.

generated point clouds.

{argminycg, D(X,Y)| X € Sy}
|5y |

COv(S,,S,) = | (58)

1-Nearest Neighbor Accuracy (1-NNA) evaluates how well the generated and reference distributions are aligned. This metric
treats the union of S; and S, as a labeled dataset and computes the leave-one-out accuracy of a 1-NN classifier, where each
sample is assigned the label of its nearest neighbor.

Exesg 1[Nx € Sg] + ZYesr 1[Ny € S,]
|Sgl + 1Sr| ’

1-NNA(S,, §,) = (59)

where Ny (resp., Ny) denotes the nearest neighbor of X (resp., Y) in (S, U S,) \ {X}.

For both COV and 1-NNA, nearest neighbors are determined using either the Chamfer Distance (CD) or the Earth Mover’s
Distance (EMD). CD evaluates mutual proximity by aggregating point-to-set nearest-neighbor distances in both directions,
while EMD computes the minimal transport cost between two point clouds by enforcing a one-to-one correspondence. CD
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Table 10: Unconditional generation results on the Airplane and Chair categories at a resolution of 2048 points. We report
one-nearest neighbor accuracy (1-NNA) and coverage (COV) under Chamfer Distance (CD) and Earth Mover’s Distance
(EMD). For 1-NNA, lower is better ({), while for COV, higher is better (1). Bold and underlined numbers indicate the best
and second-best performance for each metric under the one-step and multi-step settings, respectively. Global normalization
is applied to both training and test sets following LION (Vahdat et al., 2022).

Method Steps Airplane Chair
I-NNA| COoV?T 1-NNA| COov?T

CODb EMD CD EMD CD EMD CD EMD
MFM-point (Molodyk et al., 2025) 1400 65.36 57.21 - - 5492 5325 - -
LION (Vahdat et al., 2022) 1000 67.41 6123 47.16 49.63 53.70 52.34 4894 52.11
FrePoLat (Zhou et al., 2024) 1000 65.25 62.10 45.16 47.80 52.35 53.23 5028 50.93
NSOT (Hui et al., 2025) 1000 68.64 61.85 - - 55.51 57.63 - -
DiT-3D (Mo et al., 2023) 1000  62.35 58.67 53.16 5439 49.11 50.73 50.00 56.38
PVD (Zhou et al., 2021) 1000 73.82 64.81 4888 52.09 56.26 53.32 49.84 50.60
PVD-DDIM (Zhou et al., 2021) 100 7621 69.84 4423 49.75 61.54 57.73 4632 48.19
DPM (Luo & Hu, 2021) 100 76.42 8691 48.64 33.83 60.05 7477 4486 35.50
ShapeGF (Cai et al., 2020) 10  80.00 76.17 45.19 40.25 68.96 6548 4834 44.26
PSF (Wu et al., 2023) 1 71.11 61.09 46.17 5259 5892 5445 46.71 49.84
r-GAN (Achlioptas et al., 2018) 1 98.40 96.79 30.12 14.32 83.69 99.70 24.27 15.13
1-GAN (CD) (Achlioptas et al., 2018) 1 87.30 9395 3852 2123 68.58 83.84 4199 2931
1-GAN (EMD) (Achlioptas et al., 2018) 1 89.49 7691 38.27 3852 7190 64.65 38.07 44.86
PointFlow (Yang et al., 2019) 1 75.68 70.74 4790 46.41 62.84 60.57 4290 50.00
DPF-Net (Klokov et al., 2020) 1 75.18 65.55 46.17 4889 62.00 58.53 4471 48.79
SoftFlow (Kim et al., 2020) 1 76.05 65.80 4691 4790 59.21 60.05 4139 47.43
SetVAE (Kim et al., 2021) 1 7531 77.65 43770 48.40 5876 61.48 46.83 44.26
EMF (ours) 1 72.84 62.72 5037 55.56 5642 54.08 47.89 52.87

and EMD are defined as:
CD(X,Y) = in |z —yl3 in|lz —yl3
(XY) = > minllz —yl3 + > minllz - yl3, (60)
rzeX yey
EMD(X,Y) = pin > llz = (@)]2, (61)

zeX

where X and Y denote two point clouds with the same cardinality,
pointsin X and Y.

- ||2 is the Euclidean norm, and + is a bijection between

Result For point cloud generation, we present 1-step unconditional samples for two ShapeNet categories in Figure 16.
All models are trained on ShapeNet using the LION architecture. Quantitative results are reported in Table 10, where our
method achieves the best generation quality compared to prior approaches.

D. Additional Results&Experiments
D.1. Ablation Study: Rationale for the Second Local Linear Approximation

In Equation 10, during the derivation, we apply local linear approximation to the term w;—,;4 A, at two different places. The
first approximation appears in an independent summation term in Equation 10, where u;_,;4 A; is approximated by ;.
The motivation of this approximation is straightforward: by reducing it to the instantaneous velocity u;_,+(x), we can further
replace it with the conditional instantaneous velocity u(z | x1), thereby incorporating explicit supervision from the dataset.

The second approximation is applied to the update x4 oy = Aty ar(x) + x4, where w14 A+ is again approximated
by u;—;. This approximation is primarily introduced for memory efficiency. This design choice is particularly important
for conditional generation. During training, conditional MeanFlow employs CFG, which replaces u(z | 1) with wu(z |
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Table 11: Comparison of memory and computational cost between our method and MeanFlow for unconditional (CelebA-
HQ) and conditional (ImageNet-1000) generation using the DiT-B/2 model. “Peak” denotes the maximum GPU memory
usage during training, “Fixed” refers to the constant memory overhead, and aux-EMF indicates our method with a 4-block
auxiliary head. All experiments are conducted on a single H200 GPU with batch sizes of 64 for CelebA-HQ and 128 for
ImageNet-1000, using EMA and AdamW optimization with mixed-precision (FP16) training in PyTorch.

Method Dataset Peak Memory Fixed Memory Speed/Iter FID
MeanFlow CelebA-HQ 32.1GB 2.3GB 151.4ms 12.4
EMF (compute u¢—++a:) CelebA-HQ 23.3GB 2.3GB 91.74ms 11.2
EMF CelebA-HQ 23.3GB 2.3GB 91.2 ms 109
aux-EMF CelebA-HQ 17.6GB 2.8 GB 84.2 ms 11.7
MeanFlow ImageNet 101.9GB 2.4GB 400.9ms 11.1
EMF (compute us—¢+At) ImageNet 71.7GB 2.4GB 232.6ms -
EMF ImageNet 57.9GB 2.4GB 198.8ms 7.2

x1)+ (1 —w—k)ul_,(z¢,Co) +kul_,,(x;, C), where C denotes the label of 21 and Cj is the null label. In this formulation,
the term u? ., (z¢, C') can be directly reused in the computation of 244 A; ~ Atuy_,¢ () + 24, which helps reduce memory
consumption. For unconditional generation, although the computation of z;, A, requires two stop-gradient forward passes
and one trainable forward pass regardless of whether u;_,;1 A; is approximated, we empirically observe that using the exact
U4+ A¢ does not improve generation quality, and moreover it prevents the use of the multi-head technique described in
Figure 3, leading to increased memory usage and computational cost. Quantitative results are reported in Table 11.
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Figure 18: Training dynamics of our method and MeanFlow on ImageNet under 1-step, 2-step, and 4-step generation. For
our method, we compare different classifier-free guidance (CFG) scales, while MeanFlow uses a fixed CFG scale of 2.0,
which is the best-performing setting reported in (Geng et al., 2025a).
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Figure 19: Evolution of the parameters M, My, and M, in Assumption 1 over the course of training.
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Figure 20: Evolution of the parameters M/, M/, and M/, in Assumption 2 over the course of training.
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Figure 21: Training behavior of u-prediction and z; -prediction Flow Matching variants across different learning rates. We
report the variance of network outputs, where zero variance indicates a constant SDF field and corresponds to variance
collapse. The u-prediction variant suffers from spatial variance collapse and unstable optimization, whereas the 1 -prediction

model exhibits stable variance and smooth training dynamics.
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Figure 22: Comparison of SDF generation using different prediction variants. Due to spatial variance collapse in u-prediction
flow matching, the model fails to generate meaningful digit SDFs. Since u-prediction EMF relies on accurate estimation
of instantaneous velocities, it also fails in this setting. In contrast, z;-prediction flow matching learns reliable dynamics,
enabling z;-prediction EMF to successfully generate high-quality SDFs.
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Figure 23: Training dynamics of FID for different JiT-based generative methods. We compare JiT-style flow matching (i.e.,
x1-prediction FM with wu-loss), u-prediction flow matching, JiT-style MeanFlow, u-prediction EMF, JiT-style EMF, and
z1-prediction EMF. Even with the JiT formulation, MeanFlow remains unstable, highlighting its inherent optimization
difficulty. Similarly, u-prediction EMF still exhibits unstable behavior, indicating that the x;-prediction variant is essential
for stable and reliable training.
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Figure 24: Part 1 of ImageNet (Deng et al., 2009) generation result. First, second and third row shows 1-step, 2-steps and
4-steps generation respectively using the same condition.
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Figure 25: Part 2 of ImageNet (Deng et al., 2009) generation result. First, second and third row shows 1-step, 2-steps and
4-steps generation respectively using the same condition.
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Figure 26: Part 3 of ImageNet (Deng et al., 2009) generation result. First, second and third row shows 1-step, 2-steps and
4-steps generation respectively using the same condition.
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Figure 27: Part 4 of ImageNet (Deng et al., 2009) generation result. First, second and third row shows 1-step, 2-steps and
4-steps generation respectively using the same condition.
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